We may write the nonrelativistic Hamiltonian for a molecule as a sum of five terms:
where i, j refer to electrons and A, B refer to nuclei. In atomic units, this is just
The Schrödinger equation may be written more compactly aŝ H =T N (R) +T e (r) +V eN (r, R) +V N N (R) +V ee (r),
where R is the set of nuclear coordinates and r is the set of electronic coordinates. If spin-orbit effects are important, they can be added through a spin-orbit operatorĤ so .
Unfortunately, theV eN (r, R) term prevents us from separatingĤ into nuclear and electronic parts, which would allow us to write the molecular wavefunction as a product of nuclear and electronic terms, Ψ(r, R) = Ψ(r)χ(R). We thus introduce the Born-Oppenheimer approximation, by which we conclude that this nuclear and electronic separation is approximately correct. The term V eN (r, R) is large and cannot be neglected; however, we can make the R dependence parametric, so that the total wavefunction is given as Ψ(r; R)χ(R). The Born-Oppenheimer approximation rests on the fact that the nuclei are much more massive than the electrons, which allows us to say that the nuclei are nearly fixed with respect to electron motion. We can fix R, the nuclear configuration, at some value R a , and solve for the electronic wavefunction Ψ(r; R a ), which depends only parametrically on R. If we do this for a range of R, we obtain the potential energy curve along which the nuclei move.
We now show the mathematical details. Initially,T N (R) can be neglected sinceT N is smaller thanT e by a factor of M A /µ e , where µ e is the reduced mass of an electron. Thus for a fixed nuclear configuration, we haveĤ such thatĤ el Ψ(r; R) = E el Ψ(r; R)
This is the "clamped-nuclei" Schrödinger equation. Quite frequentlyV N N (R) is neglected in the above equation, which is justified since in this case R is just a parameter so thatV N N (R) is just a constant and shifts the eigenvalues only by some constant amount. LeavingV N N (R) out of the electronic Schrödinger equation leads to a similar equation,
H e Ψ(r; R) = E e Ψ e (r; R)
For the purposes of these notes, we will assume thatV N N (R) is included in the electronic Hamiltonian. Additionally, if spin-orbit effects are important, then these can be included at each nuclear configuration according toĤ
Consider again the original Hamiltonian (1). An exact solution can be obtained by using an (infinite) expansion of the form
although, to the extent that the Born-Oppenheimer approximation is valid, very accurate solutions can be obtained using only one or a few terms. Alternatively, the total wavefunction can be expanded in terms of the electronic wavefunctions and a set of pre-selected nuclear wavefunctions; this requires the introduction of expansion coefficients:
where the superscript i has been added as a reminder that there are multiple solutions to the Schrödinger equation.
Expressions for the nuclear wavefunctions χ k (R) can be obtained by inserting the expansion (10) into the total Schrödinger equation yieldŝ
if the electronic functions are orthonormal. Simplifying further,
The last term can be expanded using the chain rule to yield
At this point, a more compact notation is very helpful. Following Tully [1] , we introduce the following quantities:
Note that equation (18) of reference [1] should not contain a factor of 1/2 as it does. Now we can rewrite equations (14) and (15) as
This is equation (14) of Tully's article [1] . Tully simplifies this equation by one more step, removing the termT kk . By taking the derivative of the overlap of Ψ k (r; R)|Ψ k (r; R) it is easy to show that this term must be zero when the electronic wavefunction can be made real. If we use electronic wavefunctions which diagonalize the electronic Hamiltonian, then the electronic basis is called adiabatic, and the coupling terms U kk vanish. 1 This is the general procedure. However, the equation above is formally exact even if other electronic functions are used. In some contexts it is preferable to minimize other coupling terms, such asT kk ; this results in a diabatic electronic basis. Note that the first-derivative nonadiabatic coupling matrix elementsT kk are usually considered more important than the second-derivative ones, T kk .
In most cases, the couplings on the right-hand side of the preceeding equation are small. If they can be safely neglected, and assuming that the wavefunction is real, we obtain the following equation for the motion of the nuclei on a given Born-Oppenheimer potential energy surface:
This equation clearly shows that, when the off-diagonal couplings can be ignored, the nuclei move in a potential field set up by the electrons. The potential energy at each point is given primarily by U kk (the expectation value of the electronic energy), with a small correction factor T kk . Following Steinfeld [2] , we can estimate the magnitude of the term T kk as follows: a typical contribution has the form 1/(2M A )∇ 2 A Ψ(r; R), but ∇ A Ψ(r; R) is of the same order as ∇ i Ψ(r; R) since the derivatives operate over approximately the same dimensions. The latter is Ψ(r; R)p e , with p e the momentum of an electron.
Since m/M A ∼ 1/10000, this term is expected to be small, and it is usually dropped. However, to achieve very high accuracy, such as in spectroscopic applications, this term must be retained.
The Born-Oppenheimer Diagonal Correction. In a perturbation theory analysis of the Born-Oppenheimer approximation, the first-order correction to the Born-Oppenheimer electronic energy due to the nuclear motion is the Born-Oppenheimer diagonal correction (BODC),
which can be applied to any electronic state Ψ(r; R). The BODC is also referred to as the "adiabatic correction." One of the first systematic investigations of this effect was a study by Handy, Yamaguchi, and Schaefer in 1986 [3] . In this work, the authors evaluated the BODC using Hartree-Fock self-consistent-field methods (and, where relevant, two-configuration self-consistentfield) for a series of small molecules. One interesting finding was that the BODC changes the singlet-triplet splitting in methylene by 40 cm −1 , which is small on a "chemical" energy scale but very relevant for a spectroscopic energy scale. Inclusion of the BODC is required to accurately model the very dense rovibrational spectrum of the water molecule observed at high energies, and these models were a critical component in proving the existence of water on the sun [4, 5] .
For many years, it was only possible to compute the BODC for Hartree-Fock or multiconfigurational self-consistent-field wavefunctions. However, in 2003 the evaluation of the BODC using general configuration interaction wavefunctions was implemented [6] and its convergence toward the ab initio limit was investigated for H 2 , BH, and H 2 O. This study found that the absolute value of the BODC is difficult to converge, but errors in estimates of the BODC largely cancel each other so that even BODC's computed using Hartree-Fock theory capture most of the effect of the adiabatic correction on relative energies or geometries. Table 1 displays the effect of the BODC on the barrier to linearity in the water molecule and the convergence of this quantity with respect to basis set and level of electron correlation. Although the absolute values of the BODC's of bent and linear water change significantly with respect to basis set and level of electron correlation, their difference does not change much as long as a basis of at least cc-pVDZ quality is used. For the cc-pVDZ basis, electron correlation changes the differential BODC correction by about 1 cm −1 . Table 2 displays the effect of the BODC on the equilibrium bond lengths and harmonic vibrational frequencies of the BH, CH + , and NH molecules [7] and demonstrates somewhat larger changes to the spectroscopic constants than one might have expected, particularly for BH. [6] . b The difference between the adiabatic correction for the C 2v and D ∞h structures. [7] .
